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Ph! Abstract 

D . We study Sogami's generalized covariant derivative method for a SU{2)l x 



SU{2)ji X U{1)b-l X SU{3)c model that contains bi-doublet and triplet Higgs bosons. 
In particular, a detailed study is made on the minimization conditions of the Higgs 
potential. It is known that a minimization condition and certain phenomenology for 
a extra gauge boson mass derive a restriction on potential parameters, which requires 
fine-tuning. We show that the restriction can be reduced to a condition of Yukawa 
coupling constants giving a heavy mass of the right-handed tau neutrino in our model. 
We also discuss the consistency among parameter restrictions of our model by taking 
phenomenology of the Higgs boson masses into account. 
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§1. Introduction 

Recently, Sogami proposed a method constructing a lagrangian of the standard model 
with the aid of generalized covariant derivatives that contain Higgs fields in addition to 
gauge fields, lil^ Subsequently, Morita studied a way to introduce parameters into such a 
covariant derivative method in a systematic manner; there, he also studied the applicability 
of Sogami's method to non-gauge theories. B^ Sogami's method has a close relation with 
the non-commutative geometric (NCG) method for gauge theories proposed by Connes and 
Lott,H'' to which many reformulations have been attempted by many authorscP because of 
its unfamiliar geometrical structure. From the viewpoint of practical applications, Sogami's 
method is more useful than the NCG method; we can apply this method to some models 
without depending on geometrical concepts, q^'0' 

In this paper, we study a SU{2)l x SU{2)r x U{1)b-l x SU{3)c left-right (L-R) symmetric 
model based on Sogami and Morita's method. Our model contains three kinds of Higgs fields, 
a bi-doublet of SU{2)l x SU{2)r, a triplet of SU{2)l and a triplet of SU{2)r. 

The Higgs potential of our model must be invariant under the Lorentz, gauge and L-R 
transformations. The most general form of such a potential has a complicated structure. 
Fine-tuning of the potential parameters is necessary for the potential to be at a minimum 
when all the Higgs fields are evaluated at their respective vacuum expectation values (VEV) 
that are consistent with a certain phenomenology. Q^ On the other hand, Sogami's method 
gives rise to some constraints among coupling constants of a gauge-Higgs lagrangian, e.g., 
some relations between the Higgs potential parameters and Yukawa coupling constants. 
Such constraints among the coupling constants may affect the fine-tuning problem of the 
L-R symmetric model. From this point of view, we study the minimization conditions of the 
Higgs potential. We also discuss the consistency among parameter restrictions of our model, 
including restrictions arising from phenomenology of the Higgs boson masses. 

In the next section, we review the conventional L-R symmetric model and the fine-tuning 
problem of this model. In §3, we construct a L-R symmetric model according to Sogami and 
Morita's method, and discuss the fine-tuning problem in our model. This section contains 
the main result of this paper. Section 4 consists of three subsections: In §4.1, we discuss the 
consistency among parameter restrictions, apart from the Higgs boson mass phenomenology. 
In §4.2, we give mass eigenvalues of the Higgs bosons. We consider in §4.3 the parameter 
tuning under all the restrictions. Section 5 is devoted to conclusion. 



§2. Brief review of a SU{2)l x SU{2)r x U{1)b-l x SU{3)c model and a 

fine-tuning problem 

In the SU{2)l x SU{2)r x U{1)b-l x SU{?>)c model, lepton and quark fields belong to 
SU{2)l or SU{2)r doublets according to their chirality. We write each field as 

where each component of the quark fields belongs to S'f/(3)c triplets, and indices i = 1 ~ 3 
denote the generation. These fields also have U{1)b-l quantum numbers, where B and L 
denote the baryon and lepton numbers, respectively. 

Gauge bosons for the gauge symmetries SU{2)l, SU{2)ji, U{1)b-l and SU{3)c are writ- 
ten as VF'^a, W^^, B^ and G^q, respectively. We use the notation 

Wi = ly^^, W« = W^^^, B„ G, = G,.^, (2-2) 

where cr^ (a = 1, 2, 3) and Aq (a = 1 ~ 8) are, respectively, Pauli and Gell-Mann matrices 
normalized so that tr{(Ta(Tb) = 26ab and tr{\aXb) = 25ab- We use boldface for 2 x 2 matrices 
acting on SU{2) doublets. 

To yield small masses for conventional neutrinos and heavy masses for right-handed 
neutrinos through the seesaw mechanism, it is preferable to introduce the Higgs fields 

where $ is a bi-doublet of SU{2)l x SU{2)r and /^l,r is a triplet of SU{2)l,r^^ The 
U{X)b-l quantum numbers of $ and ^l,r are and 2, respectively. These fields transform 
according to 

^L,R ^ (t/B-L)'UL,RAz.,^UL,R^ (2-4) 

$^UL$URt, (2-5) 

where \Jl,r (U'^-l) is an element of the SU{2) (f/(l)) transformations acting on the doublets 
(lepton fields). 

The L-R transformation of this model is defined by 

II ^Ir. Ql^Qr, Az.^A«, #^$t. (2-6) 

The lagrangian of the model must be invariant under the gauge transformation and the L-R 
transformation. The general lagrangian density for the fermion fields is 

^F general = hi{^ + igi-$ - mW^^L + {L ^ R) 



+Cy, (2-7) 



where 



Cy = -{{hh'^^lj,^ + hh^^lR + QLhl^qR + QLhl^qR) + (h.c.)} 

-{{zllCa^fgALh + illC(T2fg/^RlR) + (h.c.)} (2-8) 

and $ = {i(T2)^*{i<y2y ■ Here, Qk {k = 1 ^^ ?>) are the gauge couphng constants of U{1)b-l-i 
SU{2)l,r and SU{3)c, respectively, and fg, h}^^ and h}^'^ are fermion-Higgs Yukawa couphng 
matrices having generation indices; h}''^ and h}''^ must be hermitian for the L-R symmetry 
of the fermionic part of the lagrangian. For simphcity, we have omitted matrix indices 
representing the generation. The general lagrangian density for boson fields is 

''-B general ~ tI-^/^j/-^ ' -^ fiua-^ ' -^ fii/a-^ "I" '-^^i/'-^ ) 

+tr\D^AL\^ + tr\D^AR\^ + tr\D^^\^ 

"''^general) [^'^) 

where 

D^Al,r = d^AL,R - igiB^AL,R - ^^2[Wj''', A^,^], (2-10) 

D^$ = a^$ - 2^72 (W^$ - $Wj) (2-11) 

and F^, F^^^ and G^^a are field strengths of 5^, W^^ and G^^, respectively. Here, V^eneral 
is the most general Higgs potential of this model consisting of linearly independent terms: 
according to Ref. |^), we write this as 

^general = - /^?tr($t$) _ /.^{^^(^^t) + t^($t$)} 

-/i^{tr(A^Ai)+tr(A^At)} 

+ Ai{tr($t$)}2 + A2[{tr($$t)}2 ^ {t^($t$)}2] 

+ Pi[{tr(A,At)}2 + {tr(A^At)}2] 

+ p2{tr(A^A^)tr(At a1) + tr(A^A^)tr(AUl)} 

+ P3tr(AiAi)tr(AHAj) 

+ p4{tr(AiAi)tr(AiA]^) + tr(AlAi)tr(ARA^)} 



.t 



t^ 



,t- 



+ aitr($ I $){tr(ALAl) + tr(ARA]j)} 



>tAr a! 



t< 



.t- 



+ a3{tr($$ I A^Al) + tr($ I ^A^Aj^)} 



+ /?i{tr($Afi$t At) + tr($t Ai$A]j)} 
+ /32{tr($A^$t a! ) + tr($t a^^a],)} 
+ /33{tr($A^$t a!) + tr($t Ai$Ai)}. 



(2-12) 



Here the coefficients other than a2 must be real to make the lagrangian hermitian and L-R 
invariant. 

Non-zero VEV of neutral Higgs fields break the gauge symmetry down to U{1)em- We 
write the VEV of the Higgs fields as 



_ 1 / 0~ 



< Ar R > 



< $ >r 



To yield a phenomenologically desired mass for each particle, 

\vl\ < |ei,2| < \vr\ 



J_U, 

V2 VO €2 



(2-13) 



:2-14) 



is required. &' EP Mass expressions of fermions and charged gauge bosons that are determined 
by Eqs. (2-7), (2-9), ( pOfBD and (gg are 
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where we have used the definitions 



/ = 2/„ /i^'" = 2h'f, {h^'^f = 2h^f 



(2-15) 

(2-16) 

(2-17) 

(2-18) 

(2-19) 

(2-20) 
(2-21) 

(2-22) 



and /, = (/),„ h"^" = ih''%, h^f = Ch''')n, ho; = {hie, + h\e2)/V2t+ and e^ = e? ± ^l 
while ignoring the generation mixing. From this point, we refer to /, W''^ and U''^ as Yukawa 
couphng matrices. 

Next, we review a fine-tuning problem of the L-R symmetric model, which is derived 
from a minimization condition of the Higgs potential and a phenomenological restriction on 
the VEV of the Higgs fields. In general, if we choose 0:2, which is the only complex coupling 
in the general Higgs potential, to be real, we can make all the VEV of the Higgs fields real. 
In this case we obtain four non-trivial extremal conditions that determine a minimal point 
of the potential: © 

lA = yt{'^^lVr{(324 - Ps4) + i^L + vDiaie'i - a^el)} 

+e^Ai + 2eie2A4, (2-23) 

1 
A? 

+eie2(2A2 + A3) + ^, (2-24) 

yU3 = 2i"i4 + 4a2eie2 + a-^el + 2pi{vl + vl)}, (2-25) 

P2 = ^{-/3ieie2 - /^ae' + (2pi - P3)vlVr}. (2-26) 

It is known that a serious problem comes from Eq. (2-26), which can be rewritten as 

/3ieie2 + (32^1 + hej _ vlVr , ^ 

(2pi - P3)4 " 4 ' ^ ^ 

where the /?« and the pi are quartic Higgs self-coupling constants. If we set mwn to ~ 1.4 TeV 
as a mass in an experimentally accessible energy range in the near future, B* the value on 
the right-hand side of this equation is restricted to 



P2 = 772"[^^^«{'^i^- ~ 26162 (/32 - /Ss)} + (fi + v\){2a2e^_ + 036162 



vlVr h 



2 

Dl 
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To derive this, we have used Eqs. (2-15) ~ (2-19) with 



m,.i mL 
^ ^^ < lO-l (2-28) 



m^i <, 10 eV, (2-29) 

80GeV, (2-30) 

(1 C^ '"P A /^ \ 
—] , (2-31) 
mwR J 



'L 



'fl 



where inequality (2-31) arises from an experimental limit on the neutrinoless double- /5 decay. 
B*'Q) Substituting Eq. ( |2-27| ) into ( |2-28| ), we obtain a restriction on the Higgs self-coupling 



constants and the Yukawa coupling constants, 



< 10" 



;2-32) 



(2pi - p,)el 2/2 

Barring a highly tuned cancellation, this restriction requires both pi,p3 3> /3i,/52,/33 and 
2/^ ^ /i|,^. Such hierarchical choices of the coupling constants are unnatural. 



§3. SU{2)l X SU{2)r X U{1)b-l x SU{3)c model based on Sogami's 

method 

To apply Sogami's method to the L-R symmetric model, we use the following represen- 
tations of fermion fields: 






11 lie It TIC 

, 'L5 '■L5 '■/?) ''R . 



L,R 



i-iH" 



L,R-i 



qh qL, qR, qRf, qL,R = ^i'qL,R, 



(3-1) 
(3-2) 



where {7^, 7^} = 2(7^,^ and g^i, = diag(l, —1, —1, —1). We define generalized covariant deriva- 
tives in our model as operators acting on these fields: 

1,2 

k 
1,2,3 



where 



k ^ 



Dp = 5'^d, - t5^^ E 9kAf^ + jl.A'^' 

k ^ 



(0)ij 






-5^diag(l, -1,1,-1), 



Af) = -i?^diag(l, -1,1,-1), 

Af ) = Af ) = diag(W^, -W^*, W«, -Wf ), 

Af ) = diag(G^i, -g;i, g,i, -g;i), 

( /tAi /i'$ \'^' 

/Al /i'# 

/i'$t /tAJ^ 

V /i'$t /A^ ; 
/ /i«# \'^' 

/i«$ 
/i'?$t 000 

V /i^^t / 



^Ho)u = g 



S^ +C^'^, 



^g(0)ii _ £; 



^t + c 



i3«J 



(3-3) 
(3-4) 



(3-5) 

(3-6) 
(3-7) 
(3-8) 

(3-9) 



(3-10) 



and £ = diag(l, icr2, 1, i(T2)- The quantities C'''^*-' are constant matrices. To make our bosonic 
lagrangian hermitian, we restrict their forms to 

C''' = diagiCp'l, C'i'l, Cp'l, C'i'l), (3-11) 

C^^^ = diag{Cl%l, CTil, C]^l, C^Al), (3-12) 

where each constituent is reaL The gauge transformations of A'''''^^\k = 1 ~ 3) and A'"''^^^^^^ 
are defined by 

9k 

j\hqio)ij __> f/^.'?y^':g(o)«ifj/,gt (3-14) 



where 



f/Z = f/Ki)f/K2)^ (3-15) 

Jjg = Jjq{l)jjqi2)jjg(3) (^3.^5^ 



and 



f/'(i) = diag(f/l,„^, f/l;_^, f/l,„^, f/l;_ J, (3-17) 

f/«« = diag(f/|_^, [/r_^, f/|_^, f/f_ J, (3-18) 

^K2) = f;.(2) ^ diag(Uz., U2, U^, U^), (3-19) 

f/''(3)=diag(f/„f/:,f/e,?7:) (3-20) 

and f/c {U'^b-l) i^ an element of the SU{?>)c {U{1)b-l) transformations acting on the quark 
fields. 

The fermionic lagrangian density is defined by 

l,q 1~3 _ 

Cf = Y.Y. ^^"il^Df'J^^K (3-21) 

X i,j 

Through an integration by parts, we obtain the general form of the fermionic lagrangian 
density of the L-R symmetric model that contains fermion-Higgs Yukawa interactions. (See 



Eqs. (2-7), (2-8) and (|2^ 



Generalized field strengths are defined by 

F;:^ = [D'f,D^f], (3-22) 

where we have omitted the matrix indices representing the generation. Their concrete forms 
are given in Appendix A. 
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Using F^'J, we define our bosonic lagrangian density as 

I l,q S,V,A,T,P 
^ X t 

X t 

i,q 1 1 

6i ^ '^1 ^"^ 6i 



+ E i^iTrE^^^^^Fp±{TrE^.a^^F^^) 



X 

+ i,(TrE^i-''Fl^)ll(TrE,.y^Fp 

+ T.l^iTrE^^'^''F^^)}, (3-23) 

where Tr denotes the trace with respect to all matrix indices and t = [S, V, A, T, P) corre- 
sponds to Ft = (lc,7^,7^7^, cr^y,7^), respectively.tll Further, the ^t and 

Esx = diag {6^^1, 6^J, 6^ J, 6^,1), (a = 1, 2) (3-24) 

E-,x = diag (5^,1, 5il, 5^ J, 5il), (a = 1, 2) (3-25) 

E^i = diag(r/^„l, r/^„l, r^p^l, r^^^l), (a = 1 ~ 4) (3-26) 

E^. = diag (r/lp,l, r/Ul, VuPa^, vUa^) (a = 1 ~ 4) (3-27) 

are constants and constant matrices, respectively. To obtain Cb as a hermitian invariant 
under the gauge and L-R transformation, we assume that these matrices are real and her- 
mitian, respectively. Note that, in general, the 6, the 6 and the rj in Eqs. (3-24) ~ (3-27) 
may have matrix structures for the generation indices. We shall assume that the 6 and the 
S are proportional to the unit matrix in §3. According to Ref. 0), we also define the new 
parameters a, (3 and n related to the following summations: 

Y,itrta,,F' = aa^,, Y^itFa^^F' = (3^,, Y^iiFdcE' = kI,, (3-28) 

t t t 

where we do not require the positivity of these parameters. In the construction of Cb-, 
for generality, we have added several terms of a^^Ff^^^ which have an effect on the Higgs 
potential. 

To obtain the correct coefficients of the kinetic terms of the gauge and Higgs fields, we 
require the following conditions: 

*•* Ic denotes the unit matrix in the space of 4-spinors and (t^^ = i[7^,7y]/2. We also define F^ = 



+2atri5'p,5'p, + 5\^5\^ + U^d^ + ^^L^L)}, (3-29) 

+2atr{5'p^5'p^ + 5\^5\^ + 51,^5%^ + 5^2^^)}, (3-30) 

-\ = 2gl{^tr{6j,,6j,, + 5\,5\,) + 2atr{5l,5%, + <5^2^^2)}, (3-31) 

-^trih%,h'S^P, + h%ih'6'^, + h'^6Uh^%, + m\Ji'^5\^), (3-32) 

^ = ltrUfpjh\, + /t^^ J<5i,i) - \tr{ffpj5\, + /t^^^/'^k)- (3-33) 

Under these conditions, Cb have the same structure as the general form of the L-R symmetric 
model, except the Higgs potential. (See Eqs. (2-9) and (2-12).) Our Higgs potential excludes 
several terms in comparison with the general form of the Higgs potential of Eq. (2-12), i.e., 

/i2 = A2 = A4 = P4 = ^2 = /52 = /^s = 0. (3-34) 

Non-zero coefficients are expressed in terms of the Yukawa coupling constants and several 
parameters introduced in the construction of Cb- We give them in Appendix B. Our Higgs 
potential also contains a constant term that is excluded in Eq. (2-12). 

In the remaining part of this section, we consider the fine-tuning problem of the Higgs 
self-coupling constants in our model. In our model, the (3i and the pi are expressed in terms 
of the Yukawa coupling constants and several parameters introduced in Cb- If we assume 
the conditions 

4'a = 5\l = '^i'^lp, '5'pI = S'aI = Sl;n„ {a = 1, 2) (3-35) 

where 1^ denotes the unit of the matrices for the generation indices and 5^''' and ^^''^ are 
constant numbers, we obtain 

A6i62 + /J26^ + /33ei ^ 6ie2 tr(A7t/,^) 
{2p^-ps)el el tr{(//t)2}' 



This equation implies that in our model, Eqs. ( p-27| ) and (|2-28| ) yield a restriction on Yukawa 
coupling constants: 



eie2 trifh^f^h^) h 



2 

Dl 



< 10~l (3-37) 



4 tr{(//t)2} 2/! 

Therefore, under the simple conditions of Eq. ( |3-35| ), the fine-tuning of the Higgs self-coupling 
constants is reduced to the tuning of the Yukawa couphng constants. This is the main result 
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of this paper. Note that the first and second term on the left-hand side of Eq. ( p-37D have the 
same structure, i.e., (/i')^/(/i)^, roughly speaking. Barring a highly tuned cancellation, this 
inequality requires fi ^ h\, hi. As we shall discuss later, such a relation among the Yukawa 
coupling constants is a condition resulting in a heavy mass of the right-handed neutrino. 

§4. Consistency of restrictions and Higgs boson masses 

4.1. Minimization conditions and normalization conditions 

In the previous section, we analyzed only one minimization condition of Eq. (2-26). 
Usually, remaining minimization conditions Eqs. (2-23) ~ (2-25) are regarded as determining 
quadratic Higgs self-coupling constants /xi, /i2 and fi^M In our model, however, we must 
be more careful to use these conditions since the quadratic coupling constants are functions 
of the Yukawa coupling constants and the parameters introduced in Cb- In addition to the 
minimization conditions, we also have five conditions, Eqs. (3-29) ~ (3-33), to normalize 
the kinetic terms of the gauge and Higgs fields. Furthermore, phenomenology of the Higgs 
boson masses will add several restrictions on the parameters of our model. In this subsection, 
we check the consistency among the parameter restrictions derived from the minimization 
conditions and normalization conditions. 

Equations (2-23) and (2-25) of minimization conditions lead to complicated relations 
among many parameters containing ^^^''^(a = 1 ~ 4) and C^'^pj ^p. (See Eqs. (C-1) and (C-2) 
in Appendix C) We can use these to determine 1/4 and rjl; there are no more restrictions on 
these two parameters. On the other hand, with Eq. ( |2-28| ), Eq. (2-24) lead to 

-1 9 9 



tr{fWf\W) 



e: 



*r{/i/(ft') -//|(A'r} + M(A'r + (A'r} 



(a/Kj/i + 12/2 2/f 



< 10~^ (4-1) 



where /i = 5[5\, I2 = 52*^2' Q'l — "^i"^? ^^^ 9'2 = ^2^2- Note that the left-hand sides of 
this equation, other than the term proportional to tr{P f{h^Y " // (^O^l? has a structure 
similar to the left-hand sides of Eq. (P-37|) , namely (/ij''^)^/(/j)^, roughly speaking. 

Further, by taking several linear combinations of the normalization conditions Eqs. (3-29) 
~ (3-33), we obtain the following independent restrictions: 

gi + 2{a/K)q2 9 — 36 sin^6'vy 



li + 2{a/K)l2 9-20sin2^vF' 

h-Qh tr{{h'^f + {yf} 



qi-6q2 tr{f^ f - {h^y - {h^yy 
11 



(4-2) 
(4-3) 



K = ~[l2gl{h + qi + 2{a/K){h + ^2)}]"', (4-4) 

/? = ^M/V)(/i-6/2)r\ (4-5) 

where 6w is the Weinberg angle defined by gl/ gl = sm'^9w/cos29w for the L-R symmetric 
model. lP We can use these restrictions to decrease the independent numbers of parameters 
as follows. The last three equations (44) ~ (4-6) can be used to determine k, /? and {gz/ g2Y, 
respectively, none of which is contained in any other restrictions.tll Moreover, Eqs. (4-2) 
and (4-3) can be used to determine a/ Hi and Z2; we shall eliminate these two parameters from 
the other restrictions. Here we note that ((73/(72)^ can be determined by the Weinberg angle. 
Substituting Eq. (4-2) into Eq. (4-6), we obtain 



'5'3n2 9 ~ 36sin^6' 

~ ~2 



(4-7) 



g2 9-20sin^^vi/ 

which implies siv?6w > 0.25 for a positive {g^l g2Y- We can adopt the point of view that 
parameter restrictions given by Sogami's method, such as Eqs. (4-2) ~ (4-6), ( 1 3 -341 ) and 
(B-1) ~ (B-10), are tree level restrictions that hold at a certain energy scale /xq-"^ Then, 
using the restrictions as initial conditions at /io, we can study the evolution under the renor- 
malization group of parameters. In this paper, however, we do not do the renormalization 
group analysis, and continue our discussion using the tree level restrictions together with 
the minimization conditions of the tree level Higgs potential. 

Thus, remaining restrictions are Eqs. (|3-37| ) and (4-1), under which we shall determine the 



independent parameters /i, gi and g2 and Yukawa coupling constants. Before we determine 
independent parameters and Yukawa coupling constants, let us decrease the independent 
numbers of Yukawa coupling constants using fermion mass expressions and their experimen- 
tal values. For this purpose, in advance, we consider a condition of the Yukawa coupling 
constants ensuring the validity of Eqs. ( |3-37| ) and (4-1). Note that unless there are highly 
tuned cancellations on the left-hand sides of Eqs. ( |3-37| ) and (4-1), these equations may be 
satisfied in such a way: /j ^ /i^''^, h-;'^ and /i' — /i' ~ 0. Thus, in this subsection, we assume 
that the h\ and h\ are diagonal matrices satisfying 

h\ = h\, (4-8) 

under which the term proportional to tr{P f [h^Y' — f P {h^Y} of Eq. (4-1) vanishes. Further, 
from this point, we set 

- = 10. (4-9) 

^2 



As independent parameters, we use a/ k and k instead of a and k. 
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Under Eqs. (|]8D and (|]9]), we obtain 



hi 



339 



or 



401 
'50 ' 



hi 



.ioE3 



(4-10) 



for mu^/mdz = 40 and mes/nids = 2/5. We have used Eqs. (2-15) ~ (2-17) and mwn — 
1.4 TeV neglecting the generation mixings, and considered only to the third generations, 
since they are dominant in /i''"^ as tr{{h^)'^}/{h^^)^ — 1 < 10~^. Owing to Eqs. (^4-8|) and 
(|4-10| ), there is only one independent Yukawa coupling constant among /^a, /^a, hi and h^; we 



choose /ig as this constant. 

Now, let us determine the parameter regions of h, qi and q2 and the Yukawa coupling 
constants under Eqs. ( p-37|) and (4-1). First, we rewrite Eqs. ( |3-37|) and (4-1) in terms of the 
independent parameters by using Eqs. (4-2) and (4-3) in the forms of 

gi + ii/7 



a 



K 



u 



> 



2(g2 + /2/7)' 

{h^f qi - 6g2 






(4-11) 
(4-12) 



where we have used the numerical value sin^^iy ~ 0.232. By assuming the third generation 
dominance in / and that each term on the left-hand sides of Eqs. (|3-37|) and (4-1) is of order 
10~®, we obtain 



X < 0(10"^) , 



X 



Ml! 



gi(gi + /i/7)-4g2(6g2 + /i/7) 



<O(10 



-''x-'] 



(4-13) 
(4-14) 



^i(gi-4g2 + /i/21) 
for a region of 6g2 — Q'l ^ 10^. Equation (4-13) gives a lower bound of m^s /mw^ because of 



the relation 



X 



1.7 



,171^3171 



Wr 



^1%^Wl 



which is obtained from mass expressions of Eqs. (2-15) ~ (2-21) and Eq. 
for mwn — 1.4 TeV, we obtain 

m„3 > 10^ GeV 



(4-15) 
In particular, 

(4-16) 



by using 771^3 /m\Y^ ~ 2.3 x 10~^. A small x also leads to a large upper bound of the left-hand 
side of Eq. (4-14), which allows large regions of /i, gi and ^2- If we set m^,3 to a mass of the 
intermediate scale in GUT-breaking scenarios, B e. g., 10^^ GeV, we will obtain 0{x) ~ 10~^^ 
from Eq. ( |4-15| ). Then Eq. (4-14) requires no fine-tuning. 

*) The resultant value of |/i|/^3| is sensitive to the choice of h\/h\. However, the above two values of 
h\/h\ lead to the same result in the approximation under consideration. 
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4.2. Higgs boson masses 

Under the minimization conditions and normalization conditions, we were able to de- 
termine the parameters of our model without fine-tuning by requiring the right-handed tau 
neutrino mass to be sufficiently heavy. In this subsection, we give expressions of the Higgs 
boson masses, and in the next subsection, we consider tuning of parameters taking phe- 
nomenology of the Higgs boson masses into account. 

To obtain expressions for the Higgs boson masses, we use the general forms of mass square 
matrices M^^, M^™, M"*" and M~^^ given in Appendix of Ref. ^, which correspond to the 
bases {0?^0Or^5^.^5Or|^ {(/,?^ 0O\ 5^\ 5°^}, {0^0^,5+, 5+} and {5++, 5++}, respectively.0 



Under the conditions of Eq. (|3-35|), respective eigenvalues of the mass matrices becom 



M«'= : ml, m^i, rh^, m%^„ (4-17) 

M^"" : mjj, 0, 0, 0, (4-18) 

M+ : m|, ml, 0, 0, (4-19) 

M++ : mjj, mjj, (4-20) 



where 



m, 



il = ^iah + 12Kk)vltr{if'ffr}, (4-21) 

<ei = ^Mi + 12«:/2)#^tr{(/.')VV - (/^T//}, (4-22) 

4 = liah + 12Kk)el4trm'f'^f - {h^fffh, (4-23) 



m. 



< ^ '^vUlMYWA - ^Mi + 12«:/2)}, (4-24) 

mL2 ^ 2el{hir{r^W, - |(agi + U^q,) - l^"^'"^'^' -}. (4-25) 

These expressions are only the leading terms obtained under the third generation dominance 
in the Yukawa coupling matrices and several conditions mentioned below. 

First, we have used Eq (|2-14|) . In particular, we have set vl to zero in M^^ before calcu- 
lation of its eigenvalues. We have also dropped a term proportional to vl in the expression 
of m^. Second, we have used the inequalities 

as < Ai < ai < pi,p2. (4-26) 



*^ We have used definitions such as (f>1 = {(jPi + i(jPi)/y/2. 
*) We derived these results with the aid of MATHEMATICA. 
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These inequalities are understood in terms of the concrete expressions of each parameter 
given in Appendix B. Under the condition of Eq. ( |3-35| ), they reduce to 

as = ^{ah + 12K/2)tr{(/i')VV - (hfffh, (4-27) 

-{^{ah + l2Kh) - Ar^i^jihi^r - 2^'^^l{h[hl)\ (4-28) 

«i ^ \h?WMhl? - {\{ah + I2nh) - Ar^W,}{h',n (4-29) 

pi ^ -{\f^\y{^-[ah + I2/./2) - r/W^}, (4-30) 

P2 = ^{ah + l2Kh)tr{{f'^ff}. (4-31) 

lb 

If we choose appropriate values for aqi + 12nq2 and undetermined parameters tJ^^ (a = 1 ~ 3), 
these expressions explain the inequalities ( [4-26| ), except the reason for the fact that a^ is the 
smallest parameter, due to Eqs. (|4-10| ) and (4-13). The maximally small nature of 03, as 
expressed in the inequalities ( [4 -261) is derived from a condition that makes Eq. (4-1) hold. 



The condition of Eq. ( |4-8| ) leads to 0^3 = 0. Since the vanishing of 03 gives rise to the 
unpleasant result m\^^ = m\ = 0, we modify Eq. ( ^-81 ) to 

^,2 



e 



^tr{{h'ff^f - iWffh ^ Hih^ + {hiy} (4-32) 



to obtain non-zero 0:3 with the inequalities ( 4-26|) . In this case, Eqs. (|3-37| ) and (4-1) yield 



(^3)^/(^3)^ — 1 ~ 0(10^^) together with Eq. (4-13). The small difference between h^ and h'' 
does not affect the analyses that we have done using Eq. ( |4-8| ) in the previous subsection. 
Finally, to obtain the expression of Eq. (4-25) from the result of calculation of m\^2i we have 
chosen rf^'^ (a = 1 ~ 3) so that Eq. ( ^4-10| ) retains dominance of the term proportional to 
{h\Y in the expression of m^j^g- 

4.3. Higgs boson masses and parameter tuning 

We can reduce each mass expression of Eqs. (4-21) ~ (4-25) to 

4 
mLi ^ im+/5? ~ 3.3 x IQ-^^^gKak + Unk), (4-33) 



,2 ^3-^^, 

^"4m^v.. 

4 
m 3 



g'^iah + I2KI2), (4-34) 



^2 _ 4 '"^"r ..2f^l„l 3 



Thj, ~ A^^g'Mv2 - o("^i + 12/^^2)}, (4-35) 



^Wn 
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m^,2 - 3.4 X I0^^gl{,^lr]l - -{aq, + Ukq,) 



Wl 






by using Eqs. (|]g), (FTUD^ ( F^ and (2-15) ~ (2-21). With the phenomenology of the 
Higgs boson masses given in the following, these expressions lead to several restrictions on 
the independent parameters li, gi, q2, x and r/^''^ (a = 1 ~ 3). 

First, rriRei ~ lOTeV is necessary for the suppression of the effect of flavor-changing 
neutral currents (FCNC) of quarks since the eigenstate of rnj^^i, (ei^^*" — ^2(pi")/^+, can 
couple to them.i'lii) Therefore, with m%/ml,^ ~ 1.6 x 10-3(GeV)2, Eq. (4-33) leads to 

gjiah + UKk) Z 1.9 X lO". (4-37) 

Substituting Eqs. (4-4), (4-11) and (4-12) into this inequality, we obtain the new restriction 

Z 2.0 X 10^^ (4-38) 



gi + h/7 - 2(6g2 - gi) ^ o n ., 1 nl2 



Second, by setting the upper bound of ttih to 10^^ GeV and using mwn — 1.4TeV, we 



6g2 - qi 
wiiLi, uy Dcttiiig tiic uppci oound of ttih to 10^^ 
obtain 

m^l ^ 1.9 X lO^GeV (4-39) 

from Eqs. (4-34) and ( |4-37| ). Owing to Eq. ( |4-15| ), this inequality gives 

X ^ 4.7 X 10"^^ (4-40) 

Third, from Eqs. (4-35) and (4-36), we can obtain two restrictions on r^^'"^ (a = 1 ~ 3). 
We shall consider these restrictions after consideration of tuning of /i, gi, g2 and x. 

Now, let us consider the tuning of /i, gi, g2 and x under all the restrictions, Eqs. (4-13), 
(4-14), (|4-38| ) and ( [4-40|) . Equations (4-13) and (|4-40|) yield the following range of x: 

0(10"^) >x> 0(10"^^), (4-41) 

which corresponds to 

O(IO^) GeV < m^i < O(IO^) GeV. (4-42) 

Equations (4-14), ( f4-38| ) and ( |4-4(j| ) require highly tuned cancellations or hierarchical tuning 
of the parameters. For example, if we put x ~ 0(10^^^), we can have 

h ~ 0(1), (4-43) 

gi ~ 0(10"^), (4-44) 

0<6g2-gi ^ 0(10-^3). (4-45) 

*' Whichever of the values we choose for ft,|//i|, we obtain the same result in the approximation under 
consideration. 
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The small difference between 6g2 and gi is important since it determines the mass of the 
FCNC coupling Higgs boson rriRei (6g2 — gi — ^ corresponds to rriRei — ^ oo.); such a choice 
of gi and g2 is fine-tuning. 

Finally, let us tune r^^''^ (a = 1 ~ 3) in Eqs. (4-35) and (4-36). We can show that 
each eigenstate of m'jj and ?7i|.g2 is a combination of (ei05'' + ^202'')/^+ ^^^ ^r- The state 
(ei^?*^ + e202'^)/e+ is an analogue of the standard model Higgs boson stately and is dominant 
over the eigenstate oi m\^2- Thus, we should set 

m/?,e2~O(102GeV). (4-46) 

On the other hand, by using Eqs. (4-4), (4-11), (4-12) and (4-43) ~ (4-45), we obtain 

gl{aq, + 12nq,) ^ llf'^^'^^] > 0(10% (4-47) 

72/i(6g2 - qi) 



Equations ( [4-46|) and (4-47) require a cancellation on the right-hand sides of Eq. (4-36). As 



a possible tuning, we set 

vW2 = ^i(^k + l2d2), (4-48) 

« = ^(agi + 12«:g2), (4-49) 

r/^r/l = ^{{ah + l2Kk)iaq, + UKq^)^ - 0}K (4-50) 

where ^ is a parameter determined.tll In this case, Eqs. (4-35) and (4-36) become 

mjj ~ mj^, (4-51) 

4 

^L2 - QA^^gliaq, + Unq^), (4-52) 



respectively. Substituting Eqs. ( [4-46| ) and (4-47) into Eq. (4-52) and using m'^s/m^y^ 



~ 1.5 X 10^ (GeV)2, we obtain 

0<^^O(10""). (4-53) 

This implies the necessity of fine-tuning of ^^'^(a = 1 ~ 3). 

Now, two zero eigenvalue states of M"*" and M^"^ correspond to Nambu-Goldstone bosons 
coming from gauge symmetry breaking, respectively. Q) However, one more zero eigenvalue 
state of M^™' belongs to the physical Higgs bosons. Exclusion of such a massless Higgs boson 
and the fine-tuning such as Eqs. (4-43) ~ (4-45) and ( |4-53| ) are remaining problems, which 
should be solved in the future. 

*^ If respective values of g^io-W + I2K/2), g^iaqi + 12Kq2) and ifa'^{a = 1 ^^ 3) are of the same order, 



inequalities (4-26) hold, and the expression of Eq. (4-25) is valid. Equations (4-37), (4-47), (4-48) -- (4-50) 



allow for such values. 



17 



§5. Conclusion 

We have studied an application of Sogami's generalized covariant derivative method to a 
SU{2)^ X SU{2)^ X f/(l)^_^ X S'f/(3)c model, and the minimization condition of the Higgs 
potential is discussed in detail within the framework of classical theory. 

We have shown that a restriction, which has been known as the restriction requiring fine- 
tuning of Higgs-self-coupling constants, can be reduced to a condition of Yukawa coupling 
constants giving a heavy mass of the right-handed tau neutrino. We have also discussed 
the consistency among the parameter restriction derived from the minimization conditions 
and the normalization conditions for kinetic terms. Then by setting the mass of the right- 
handed tau neutrino to be sufficiently heavy, we could determine those parameters without 
fine-tuning. 

However, we have encountered problems: First, if we attempt to assign the order of 
^ 10 TeV and 10^ GeV, respectively, to the masses of a FCNC Higgs boson and the ana- 
logue of the standard model Higgs boson, we need fine-tuning. Second, after the tuning of 
parameters, there still remains a massless neutral Higgs boson. This massless Higgs boson 
can be understood in the following sense: Except for the Yukawa interaction term Cy, our 
lagrangian has a global f/(l) symmetry such as $ — ;> e*^$. A breaking of this symmetry by 
the non-zero VEV of $ leads to a NG boson in the £y-excepted system. Since the presence 
of Cy does not affect the Higgs boson masses at the tree level, such a zero mass state will 
also appear in the full lagrangian system. 

We note that if we consider our lagrangian to be the bare lagrangian, the renomalizability 
of our model is not trivial, since our Higgs potential lacks several terms allowed by the 
symmetry and some coupling constants are not independent of each other. As mentioned in 
§4, we can adopt the point of view that the parameter restrictions of our model are the tree 
level restrictions that hold at a certain energy scale. tlP Then we can study a renormalization 
group analysis of parameters of our model. The above problems should be discussed in a 
future work with this analysis. 
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Appendix A 

Generalized Field Strengths 



We give generalized field strengths of our model. With decomposition such as 

1,2 



Fl^ = -^J:9>^Ki'' + ^K'''^ 



pi 



k 

k ^ 



(A-1) 
(A-2) 



we obtain 



piW 

pl,qiO) 
fit/ 



--diag(F^ 



^1 









-diagfF^l -F^l F^ 1 -F^l 

^9(2) 



fiu 



diag(F 



flW) 






fiu ) 



diag(G'^,yl, — G*^l, G^i,l, — G*^!) 



In^lr 



ln(S)lr 



luD.A^'"^'^ 



l.D^A^''^'^ 



^(r^.u 



(A 



l,q(0)\2 



(A-3) 

(A-4) 

(A-5) 
(A-6) 

(A-7) 



where 



D^A'(°) 



S 



D^A'^^^^ 



(A 



l,q(0)\2 



£ 



£ 



( 









(^M(0))2^ 



/t(D^Ai)t /,'Z}^$ 












(^^.(o))2^^ 











\ 



^1 














£t, 



ft 



and 



(A 
{A 



2 
LL 



^(0)^|2 

RR 



/(0)^,2 

LR 



■/VaIa 



LA 



i\2 



$$ 



t 



(C^l 



(cip/t + /te 



la)^l 



, (Mp + CiJ)AL , //t A^Al + (/.')2$$t + (C[^)2 
■/t/AjAp + (/^')^#t$ + (C|,^)2i , (cj^^/t + /tc' 
, (Mp + CU/) Ap , //t ApAJ + (/.02$t# 
■ (C[p/i' + ^'Cjjp)$ /t/i' a[$ + /i'/t#Ai \ 



(c: 



RAJ^R 

ra) 1 , 
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IRL 



{A'^'')Il 



{A'^'%n 



/(/i^)2#$t + (c2p)2i \ 



Appendix B 

Higgs Self- Coupling Constants 

Here we give the non-vanishing Higgs self-couphng constants of our modeL 

-/x? = -^atr[2{{&p)%,{h^)%, + {&p)%,{hrS'p, 

+2{{&ph^ + h^&p)5^p^{&ph^ + h^C^p)5^p^ 

+{C\h' + h'C\)5\,{C\h' + h'C\)5\,} 
+mm,{Clp)H%, + {Clpf5%,mHl, 

HiClph'^ + h'^Clp)5%,{Clph'^ + /^^C1p)<5|,i 

+(C1^/^^ + h^CU)5\,{CUh^ + /.''Cl^)5^i} 
+{(Clp/.« + h^C%p)5U{Clph'^ + /.«C1p)4i 

+(CL/^^ + h'^cU)sUc'RAh' + h'^ciMi}] 

+2{{&ph^ + /i'Cl,)5^2(C^p^' + h^C^p)S^p2 

+{C'Ji' + /^'Ci)5^2(^A/^' + h'C\)5\,} 
+{m'5UClpf5%, + {Clpf 51,^^5%, 
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Hiciph'^ + h^cip)suc'Rph'^ + h'^cipYsu 

+2[trWp,{hr + v\Ah'f}trWp2{C'p? + V^C'^?} 

+\[tr{vipAh'^f + vum' + vipim' + vwm'} 

■tr{r)j^P2{Ci^pj +Vla2[^la) +Vrp2{'^rp) + ''1ra2V-'ra) j 

■trivlpAClpf + r^Li(Cl^)^ + r^lpi(C^p)^ + V^raACU?}] 
+trWp,{hr + v'AAhr} 

■tr{rji^p^[Ci^p) +i1la3{Cla) '^VrpA^rp) + VraA^ra) j 
+trWp,{C'pf + MC'A?} 

Mvipsm' + vu^m' + vum' + vu^m'} 
+tr{vip.m' + vum' + vum' + vum'h (b-i) 



'Al 



PI 



+(/tci + c'pf'fKiicy + fc'p)s'p^} 

-l'^tr{{&p)%j'ff6^P, + {C'p)^^!'^ fSp2 

+triVpj'^f + VAiffhtrWp2Kr + VA2iCm 
+trWp,Kr + VAiiC^AntriVP2f'^ f + VA2ffh 
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■tr^rji^p^iCip) +^la3(C'la) + VrpzkCrp) + VrazK^ra) } 
+ ^tr(r^^jt/ + ^^j/t), (B.2) 

■tr{r^ip,(/^'^)2 + vlA2m' + ^^P^l/^")' + v'kA2m'] 

Mvipsm' + ^L3(/^^)' + vum' + vuCh^n, (b-3) 

A3 = ^atrm%i{h')%i + imuhrs^Ai 

+mHum'^u + m''5\,m'^\,]. (b-4) 

lo 
+ \tr{vpj'^f + ^ii//t)tr(7^1,2/t/ + ^^ j/t), (B.5) 

+ ^«^tr(/t/5^2/t/5J,2 + //t5^2//t<5^2), (B-6) 

P3 = Itrir^pj'^f + 7]ii//t)tr(7^^2/V + vUf^, (B-7) 

Id 



^U 



I 

A2 



+ {h'f5'pjf5'p2 + (/^T^k/V^k) 
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+ \trWpAh'f + VAAh'f}tr{v'p2f'^f + VA2ffh 

Mvipsih'^r + vu^m' + vWsih^r + vUsm'}, (b-s) 

as = ^atr{{hTSpJfS'p, + {h')%Jf6'p, 
lo 

+fh%,h^fU\, + fh'6'p,h'fU\, 

+\>^tT{{hT5'p2f^f5'p, + {h'f5'pjf5'p, 
+fh%,h'fU\, + fh'5Uh'f^5'A2 

-f'^h%,h'f6'p, - f'^h'6'^ih'f6'p,}, (B-9) 

lo 



9 

Ktr{fh'-' 



--Ktr{fh%J^h%, + fh%J^h%, 



+h'f5'p,h'f5\, + h'f5'p,h'f5\,). (B-10) 



Appendix C 

Restrictions Derived from Eqs. (2-23) and (2-25) 



Due to the expressions of the Higgs self-couphng constants in Appendix B, Eqs. (2-23) ~ 
(2-26) lead to four restrictions on several Yukawa coupling constants and several parameters 
introduced in Cp- The restrictions derived from Eqs. (2-24) and (2-26) have been analyzed 
in §3 and 4. Here we give the forms obtained by substituting the expressions of the Higgs 
self-coupling constants in Appendix B into Eqs. (2-23) and (2-25), respectively: 



2 2 



+ p^5[5[\eitr{{hrfV}-eitr{{hrfn] 
o e_ 

+lel\5[5[tr{{h'Y + (h'f} + 5l5ltr{{h'Y + (h'f}]) 

o 

+12K{^[{C'f6\6[tr{{h'f + {h'^f} + {C'^f5f6ltr{{h'^f + {Vf}] 
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2'''+''^45l[eM(/^T/V)}-eM(/^T//^)}] 



+ 8 el 



+ -el[5'^f,tr{{h'Y + {h'f} + 5l5ltr{{h'f + {h'Y}]) 



3 

2Ari\T^[[{C')hr{{h'f + (/i')^} + {C'^)Hr{{h'^f + (/i'')^}] 

+ilHtrm' + (h'f) ■ tr{{h^f + ih'^f}) (C-1) 



and 



9 



(a^l^l - l2K5{5',)fiC')Hr{f'^f) + ^e?tr{(/i')V/"^} 



= {24(C') Vr;^ + 12{C'>UA + ^^i}tr(/V) 

Hvl + vlHvlitrUh)?- (C-2) 

To make the last form of Eqs. (C-1) and (C-2) simple, we have used Eq. ( p-35| ) and the 
following conditions: 

di = d^ = C^5'^, (C-3) 

Cl^ = CZ = C^ = CZ ^ CS^^ . (C-4) 
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